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ABSTRACT
We introduce a new calculation method to compute the electron transport properties in semiconductor
devices. Using the relaxation-time approximation, the Boltzmann transport equation for electrons has been
solved to calculate the thermal energy flux, electrical conductivity, seebeck coefficient and thermal
conductivity.
KEYWORDS: Semiconductor device; Boltzmann transport equation; seebeck coefficient.

INTRODUCTION

To carry out calculations of the electronic transport properties of in semiconductor material and
devices it is necessary to solve the Boltzmann transport equation. There are many different techniques
for the solution of the Boltzmann equation when the applied field is sufficiently low. The use of
numerical calculation to solve the Boltzmann equation has been described and reviewed elsewhere [1-
3].However, in more general cases the Boltzmann transport equation is often exceedingly difficult to
solve directly. By contrast, it is relatively easy, although computionally intensive, to simulate the
trajectories of individual carriers as they move through a semiconductor under the influence of the
applied field and the random scattering processes. Indeed, much of our understanding of high field
transport in bulk semiconductors and in devices has been obtained through the use of such a method,
Monte Carlo simulation [4-7]. The Monte Carlo method allows the Boltzmann transport equation to
be solved using a statistical numerical approach, by following the transport history of one or more
carriers (particles), subject to the action of external forces, such as an applied electric field, and the
intrinsic scattering mechanisms. In this communication we present calculations of electron transport
charactersitics in low electric field application. We demonstrate the effect of low electric field on the
electron transport properties in these materials.

CALCULATION METHOD

Consider the distribution function of electrons is f, and the number of electrons with an energy
between E and E+dE is f D(E)dE. Since the electric field, temperature gradient and concentration
gradient are small, these electrons will have almost the same probability to move toward any
direction. Also because the solid angle of a sphere is 4rx, the probability for an electron to move in the
(6,¢) direction within a solid angle dQ=sin 8d@d¢ ) will be dQ)/4r. A charge q (= -e for electrons and
+e for holes) moving in the (6,¢) direction within a solid angle dQcauses a charge flux of qvcos6 and
energy flux EvcosO in the Z direction, where dQ is defined as the angel between the velocity vector
and the positive Z direction with a range between 0 to = Hence, the charge flux and energy flux in
the Z direction carried by all electrons moving toward the entire sphere surrounding the point are
respectively,

3, = Z—Q T(D(E))(queosd)dE = | —Ldg [sin@cosade ] D(E)qvdE 1)

4z T E=0 $=077T  9=0 E=0
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= | aQ Of(fD(E))(Evcos@)dE = j —d¢ jsm Ocosado ij(E)EvdE 2

4z T E=0 $=047  9=0 E=0

With the relaxation-time approximation, the Boltzmann Transport Equation for electrons take
the following form,
N Te Vi +QE e o _To-f ©)
ot op T
where g=-e for electrons and +e for holes. For the steady state case with small
temperature/concentration gradient and electric field in the Z direction only, the variation of the

o s . of _
distribution function in time is much smaller than that in space, or E << VeVf sothat we can

assume g—ft~0. The temperature gradient and electric field is small so that the deviation from

equilibrium distribution fo is small, i.e. fo — f << fy, VI = Vi, and
ﬂ 6f0 afo d—lf afo . With these assumptions, egationn 3 becomes
op op oE dp
- of fo—f
Ve[Vfy+qE—2]=-"0— 4
[Vfo+4 E r (4)
The equilibrium distribution of electrons is the Fermi-Dirac distribution
- 1 1 E-
o= . et K T ©)
eXp( :u) 1 p(n B

kgT

where 12 is the chemical potential that depends strongly on carrier concentration and weakly on
temperature. Both E and p are measured from the band edge (e.g. Ec for conduction band). This
reference system essentially sets Ec = 0 at different locations although the absolute value of Ec
measured from a global reference varies at different location. In this reference system the same

2012 , 12 12

ne (kg +ky +k;)
at

2m

different locations. Hence this reference system yields the gradientVE(IZ)zo, simplifying the
following derivation. If we use a global reference level as our zero energy reference point, the same

" _ - 1P (KE +KG + k)
quantum state k = (ki K, k;) has different energyE(k) = 5 + E because Ec
m

quantum state K = (K, Ky, k;) has the same energy E(k)=E(K) - Ec =

changes with locations. In this case, VE(IZ) =VE¢ # 0, making the following derivation somewhat

inconvenient. However, both reference systems will yield the same result.
From equation 5,

%:%6_77:%_1 ;oor %:kBT% (6)

OE dnp oE dn kgT dn oE
From equation 6,

df of
Vig=—CVn=kgT =2V 7
0= dn n=Kel g V1 ()

Also because VE(IZ) = 0 for the reference system that we are using

Vi = (VER)-Vu)-EHyr oL v, E-tyr ®)

From equations 7 and 8,
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of E-u
Vi =——2(Vu + VT 9
0= oE (Vu . ) )
Combine equations 4 and 9, we obtain
Note that
E=-Vo, (11)
where @, is the electrostatic potential (also called electrical potential, which is the potential
energy per unit of charge associated with a time-invariant electric field E );
From equations 10 and 11, we obtain
— E - U 8f0 fO — f
Ve[-Vu—-——VT -V, ] —=—— 12
[-Vu T qv e, oE . 12)
From equation 12, we obtain
_ f
f:fo—w-[—vq)—ET”VT]aO (13)

where @ = u+qe,, is the electrochemical potential that combines the chemical potential and

electrostatic potential energy. This definition of the electrochemical potential is the definition in
Chen’s text multiplied by a factor of q. Both definitions are used in the literature, with the definition
here are used more widely. Electrochemical potential is the driving force for current flow, which can
be caused by the gradient in either chemical potential (e.g. due to the gradient in carrier
concentration) or the gradient in electrostatic potential (i.e. electric field). When you measure voltage
AV across a solid using a voltmeter, you actually measured the electrochemical potential difference
A® per unit charge between the two ends of the solid, i.e. AV =A®/q. If there is no temperature

gradient or concentration gradient in the solid, the measured voltage equals Ag,.

In the current case all the gradients and Eareinthe Z direction, so from equation 13,

f = fy —wcosf[-—= - —————+qE, B fo —wcos@[—dg—ud—T Ao (14)

Combine equations 1 and 14, we obtain the charge flux and energy flux respectively

j —d¢ jsm@cos@d@ ijD(E)quE

4
v B P :‘J E dT (15
—d¢ [sinfcos?add | =2 D(E)qv — A _4E,)dE
¢J04n ¢9I0 Jan o+ EZLT k)
/ 00
, = { Ed(ﬁ {sm@cos@d@ j_fOD(E)EvdE
$=0 6=0 E=0
& f d E—udT (19)
+ j —d¢ jsm@cos ode j o D(E)Ev? ( ” = gE,)dE
¢= 0471' 0=0 E= OaE T dZ
Note that the first term in the right hand of equation 15 side is zero and the second term yields
© afo E—ﬂ dT
—D(E)qv ——(qE,)dE 17
, 3EJ06E (E)qv? ( T gz ) (17)
1 of d E dT
Je, =3 | og DIEIEVI( + == 7~ aE)OE (18)

Note that
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Ezémv2 (19)
Use equation 17 to eliminate v in equation 19, we obtain
2q * of d E—udT
3, =21 ] SOD(E)ER( L+ - B, )E
mg_g OE T dz (20)
_2q i 6f0 D(E)E+ (d<I> E- ydT)dE
~ 3m E—g OE T
e =2 [ LopE)Ez (d“ E-ndl_ E,)dE (1)
Z  3mg_g0E T dz
The energy flux from equation 21 can be broken up into two terms as following
te, =2 | oz Eor9T e yae
2 3m E—g OE dz T dz
2 = of du E—udT
=— D(E)E(E - ————qE,)dE
3anE()( He szqz)
ofy du E—-pdT
— D(E)Er E,)dE 22
u3 Ejan (B)Er( o +—F 7 ~9E) (22)
_2 7% D(E)E(E—y)r(d—hﬂd—T—qEz)dmﬂ
3 E—g OE dz T dz q
-2 1 S pE)E(E - wro + T T ydE A2
3m g_g OE T dz

where Jz is the current density or charge flux given by equation 22. At temperature T = 0 K, the first
term in the right hand side of equation 21 is zero, so that the energy flux at T =0 K is

Je (T=0K)=Hz (23)
z q

Because electrons do not carry any thermal energy at T = 0 K, the thermal energy flux or heat flux
carried by the electrons at T #0 is

Jg () =Jg, (T)-Jg, (T =0)

2 of d> E- dT (24)
= | “ED(E)E(E - wr( L+ )dE
3m gZg OE T
Equations 23 and 24 can be rearranged as
1do dT
J_ =L(-———=)+Lp(—— 25
, = Lu( dZ) 12( dZ) (25)
1 dCD dT
Jq i =L (- ——) Lo (= E) (26)
Where
2q% = of,
Li,=——— | —D(E)E«E 27
11 3m ¢ o OF (E) (27)
Ly =2 T 2o p(E)e(E - oy 28)
3 T E—o OE
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Ly =-29 7 Jo p(e)e(E -y =TL, 29)
3 e Oa
Ly, = j Gl D(E)E(E — u)?E (30)
22 3 T elo OE .

ELECTRICAL CONDUCTIVITY
du _o,

dT
In the case of zero temperature gradient and zero carrier concentration gradient, E =0and——= 47

equation 24 becomes

1do 1 dy
J, |—11(—— )_ == qdz +E;) =LE, (31)
The electrical conduct|V|ty is deflned as
J 2 w
E, 3m glg OE

SEEBECK COEFFICIENT
In the case of non-zero temperature gradient along the Z direction, a thermoelectric voltage can be

measured between the two ends of the solid with an open loop electrometer, i.e. J; = 0. Hence from
equation 30 we obtain

1do dT
J = —— V+Lir(——)=0 33
, =Ll q dZ) 12 dZ) (33)
Therefore
(d(DJ
dz alyp
~ =7 - _ 17 34
dT Liq (34)
dz

As discussed above, the voltage that the electrometer measure between the two ends of the solid
iSAV =AdD/q. Similarly, dV = d®/q. The Seebeck coefficient is defined as the ratio between the
voltage gradient and the temperature gradient for an open loop configuration with zero net current

flow
dv dd ﬁfo
dz a4z D(E)E(E - p)rdE
Sz_(dZJz_l(dZJ:izi J (E)E(E-p)r
(‘;‘D q (ZID P Zfo —_—
E=0 @)
J %o p(e)E2ede
" J g D(E)EE
' i ; 1 do
Combine equations 33, 34, and 35, we can write J _0'(———) 05(——) The scattering

mean free time depends on the energy, and we can assume
T=15E" (36)

where 1, is a constant independent of E. When E is measured from the band edge for either electrons
or holes, the density of states
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3/2
D(E) = % EL/2 37)

Combine equations 35 and 37

J‘ a1:0 D(E)EZTdE J‘ %EZ-H’-HI./ZdE
go_ 1|, _E= an __ 1|, _ExCE (38)
qT J‘ af0 D(E)ETdE qT J‘ ZfEO E1+I’+1/2dE
E=0
The integrals in equation 38 can be simplified using the product rule
[ ZLEOESdE = f,ES |7 —s [ foES'dE =—s [ f,ES'dE (39)

E=0 E=0 E=0

Using equation 38 to reduce equation 39 to

(r+5/2) [ f,E™¥/2dE
S = ——T - E;O (40)
9 (r+3/2) | f,E™2dE
E=0
The two integrals in equation 40 can be simplified with the reduced energy ¢ = E /Kkg

[ fo(E. w)E"dE =(kBT)n+1O§fo(§,n)§"d§ = (kgT )" Fy(m); m=plkeT  (41)

E=0
where the Fermi-Dirac integral is defined as
Fo(n) = | fo(¢.m)¢"dC (42)
0
Use equation 42 to reduce equation 41 to
5 5
1 (r+2jFr+3/2(n) K (r+2jFr+3/2(77)
S:——T u—kBT 3 —__B n- 3 (43)
a ("+2)Fr+1/z(n) f (r+2)Fr+1/2(77)

Seebeck coefficient for metals:
For metals with 1 = u/KkgT >>0, the Fermi-Dirac integral can be expressed in the form of a
apidly converging series

Foo) = [ fo£ " =~ 1700 g

R e
_ nilwgfg[ L (n+Dn" (¢ —n)+ (n+1)nn" 1%#..}1;
_7r7]n:+m7 %4‘

If we use only the first two terms of equation 44 to express the two Fermi-Dirac integrals in equation
43, we obtain the following (g = -e for electrons in metals)
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5 3 S
ke (r + 2j|:r+3/2(’7) K TI(V + ZJFHUZ(U) - (r + ZJFH?’/Z(U)
S=-——= =

3 e 3
| (r + ZJFHUZ(”) (r + Zijl/z(ﬂ)
r+3/2 2 r+5/2 2
TI(HB) n +(r+1jnr—1/zﬂ _(HSJ n +(r+3jnr+1/zﬂ
2 r 3 2 6 2 ) 2 6
+2 r+>
_ke 2 2 (45)
e 3N 1312
(Hj” ;
2) 42

2
kg kgT,,63
=_”3_B(B_)(_+r)
e u 2

This value can be either positive or negative depending on r, or how the scattering rate depends on
electron energy. We can ignore the weak temperature dependence of p and assume p= Eg, the Fermi
level that is the highest energy occupied by electrons at 0 K in a metal.

SEEBECK COEFFICIENT FOR NONDEGENERATE SEMICONDUCTORS
In non-degenerate semiconductors, p is located within the bandgap with a distance from the

E-u
B
electrons in the conduction band and holes in valence band. For holes in valence band, the energy is

conduction or valence band edges larger than 3kBT so that

= ¢ —n > 3. This is true for both

higher at a position further down below the valence band edge. When Ek_# ={ —n >3, the

Fermi-Dirac integrals become

o0 o0 1
Fotn) =] fo(.m¢ dS = [—————
() (j) o(¢,m¢ dS gexp(g—n)+1

1

- =
xp(C—m)° °

£hdg ~ ]
’ ° (46)
= exp(n) [exp(-£)S "4 =exp(n)I(n +1)

where the gamma function has the property

F(n+1) = Jexp(~¢)¢ "d¢ =nT(n) (47)
0

We can use equation 47 to reduce equation 42 to obtain

) _k_B . (r + 2) exp(n)l“(r + 2)

g 3 3
(r+ Zjexp(n)r(w 2) (48)

()t

In this equation, p is measured from the conduction band edge EC for electrons and from the valence
band edge E, for holes. Located within the bandgap, p is negative for electrons, and is also negative
for holes because the hole energy is higher when the energy level is moved further down. Also q = -e
for electrons and +e for holes, so that the Seebeck coefficient is negative for electrons in the
conduction band and positive for holes in the valence band.
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If u is measured from a global reference instead of the band edge as the zero energy point, we can
express equation 48 for electrons and holes separately

Se = _iT(EC —pu+(r+5/2)kgT) <0, for electrons (49)
e

S, :%(y—EV+(r+5/2)kBT)>O, for holes (50)

The effective Seebeck coefficient in a nondegenerate semiconductors have contribution from both
electrons and holes, i.e.

S = NiteSe + PAnSh

Nite + PHp
where n and p are electron and hole concentrations, respectively, and p, and p, the mobility of
electrons and holes, respectively. The mobility is defined in the following section on Wiedemann-
Franx law.

(51)

THERMAL CONDUCTIVITY OF ELECTRONS
From equation 21

Ldb _ Ly, dT)

_ 2 (52)
q dz L, dz |—11 Z
. - do . .
Use equation 52 to eliminate az from equation 21 b to obtain
L L,L dT
J, =—2J), +|L, ——22 k— 53
0 L[ D e e k) 53)
The Peltier coefficient ITand thermal conductivityk, are defined in the following.
In the case of zero current J; =0 and non-zero temperature gradient along the Z direction,
L»L dT
Jg =|Lp-24 54
q, [ 277 (- dZ) (54)
The thermal conductivity of electrons
J
q LsL
Ke =—— Z[Lzz— = 21j=(|-22—|-215)
? ar Ly1
dz
of ? (55)
, [ [ =9 D(E)E(E—u)rdEj o o
| P LRSS
m j %o 2 D(E)EdE E=0
Equation 55 can be reduced to the following by expanding the (E-p) term in the two integrals,
2
, [ [ oo D(E)EzrdEj af
ke =3 af j 0 D(E)E3dE (56)
m j CD(E)EmE  E
For metals, S is usually very small so that from equation 56
of 2
ke =(Lyp — Ly S) = Lyy = — — 9 D(E)E(E - u)*wE 57
e = (Lo —LpiS)~ Ly, 3TEI06E()( H) (57)

Note that
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oy _dfg on __ i E—

. (58)
or dn ot dn kgT
Compare equation 57 with equation 5, we can obtain
f f
e} = __T (59)
oE E—-uoT
Combine equations. 59 and 56,
2 2 o
ke =— | —2D(E)E(E - u)dE 60
e 3mEJ=oaT (E)E(E - p) (60)
We can use E = mv?/2 to rewriteequation 60 as
1 © ofy(E
=1 7 2B by - e )
3E=0
When E is far away from u, fy(E) remains to be either 0 or 1 as the temperature changes, so that
%is non-zero only when E is close to u . Therefore, equation 61 can be approximated by
taking v = ve and t= 1, i.e. the Fermi velocity and the scattering mean free time of Fermi electrons,

1

Ly 2 % ()
3" e

o OT
This is essentially the Kinetic theory expression of the thermal conductivity.

D(E)(E - 1 = Ve 27 Co= 2oVl 62)

WIEDEMANN-FRANZ LAW
From equation 24, the electrical conductivity is

J 2 o
o=z -2 7 dMopeEge (63)
E, 3m g OE
ofo(E) . . . .
——=1is non-zero only when E is close to u , and can be approximated to as a delta function
oy (E)
———==~-0(E- 64
s (E—u) (64)
Combine equations 64 and 63,
J, 2% = 2e? 2e?
c=—*%=—" [5(E-u)D(E)EWE =—Dg_, urg_, =—Drur 65
£, am EJ;O( H#)D(E) am DE=uHTE=p = 5 ~Drute (65)
Wecanuseu ~ Egp = mv,:2 / 2 to reduce equation 65 to
2

Note that the electron concentration can be calculated as

n= [ty (E)DE)IE = [ fo(ET =0)D(E)IE = | D(E)dE

E=0 E=0 E:O
Ee 1 (om)?/® 1 (2m)?3 2 2 0
= | —2(—2j EllZdEz—Z(—zj Ec¥2 =£DpEg »=Dppu
E-027° \ A 3\ h 3 3
Combine equations 67 and 65, we obtain
o2
O'ZFHTF (68)

If we use the following definition of electron maobility
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e
=—7 69
He m F (69)
we obtain from equation 68
O =NeL, (70)

Note that 14, is electron mobility and is different from g that is chemical potential.

We can use equations 68 and 62 to calculate the ratio between the electron thermal conductivity and

electrical conductivity

1 -
“v=1eC 2
ﬁz g - e = MC Ve (71)
o e2 3ne?
—nT,:
m

Here we have assumed that the 7 is the same in the thermal conductivity and electrical conductivity

expressions. As discussed in Chen, these two 7 terms can be different.
Note that the electron specific heat of metals has been derived previously as

E7r2nkBT

2.1, 2
1 nkg“T
Co= - lnkgT/Tp=2— =" "8 (72)
2 MV MV
2kg
Combine equations 71 and 72, we obtain
&_ mV[:2 ﬂznkBZT _ 71'2kBZT (73)
o 3ne’ mvg 2 3e?
We define the Lorentz number
2, 2
k .
L= ”3 B = 2.45x10%(WQ/K?) (74)
€
So that we obtain the Wiedemann-Franz law
K
< =LT (75)
o
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