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ABSTRACT

The homogeneous quadratic equation with four unknowns represented by the diophantine equation

X2 + y2 = 322 + W2 has been analyzed for Gaussian integer solutions.A few interesting relations between the

solutions are exhibited.
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NOTATIONS

tmn @ Polygonal number of rank n with size m
INTRODUCTION

The theory of diophantine equations offer a rich variety of fascinating problems since antiquity [1,2].In
particular,Gaussian integer solutions have been analysed for special ternary quadratic diophantine
equations [3-6]. This communication concerns with the yet another interesting homogeneous quadratic
equation given be2 + y2 = 322 + w2 for determining its infinitely many non-zero gaussian integral
points.Also,a few interesting realations among the solutions are presented.

METHOD OF ANALYSIS
The quadratic equation with four unknowns to be solved is
x2+y2 =322 +w? (D
Introduction of the linear transformations
X=u+VvV,y=u—V,Z=V (2)
in (1) leads to
vZ +w? =2u? (3)
Again,the substitution of the linear transformations
v=2A+1i(r+s),w =2A+1i(r—s),u =2r +1A (4
in (3) leads to 542 =5r% + 52 (5)
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Taking A=a+B,r=a - (6)
in (5),it simplifies to 200 = s° 7)
which is satisfied by
2k+1
oa=>5 B
............................................. (8)

B=10(5)B,p>0

Using (8),(6),(4) in (2),the corresponding gaussian integral solutions of (1) are represented by
x = 4B(52K 1) 1 2ip(5K (5K +1)
y = 4B+ 2ip(1 - 5K+
z=2B5% %+ 1)+ iB[5k+1 (5% +2) —1]
w=2B52K ! 1)+ iB[5k+1(5k ~2)-1
Properties:
1.5% y + x = 0(mod4)
2.x —z—w = 0(mod 23)
3.x=y+2z
4.x — y—2w= 0(mod 40)

2k+1
5.6 M+6 is a nasty number [7]
w—z
2 2
z5+w" =2zw

However,We have four more patterns of gaussian integer solutions for (1) which are illustrated below.

Pattern:1
Assume A=a%+5b2 9
Write 5 as 5= (l\/g)(—l\/g) (10)
Substituting (10),(9) in (5) and employing the method of factorization,define

(s +iv57) = (iv5)(a +i5b)? (11)
Equating real and imaginary parts, we get

s =—10ab

r:a2—5b2} .............................................................. (12)

In view of (12),(10),(9),(4) and (2),the corresponding non-zero distinct gaussian integer solutions of (1)
are obtained as
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x=4q° +z'(2a2 —10ab)

y =-20b2 +10i(b> + ab)

z=2a% +10b? +i(a® - 5b* —10ab)
w=2a’ +10b> +i(a’ - 5b* +10ab)

Pattern:2
Rewrite (5) as 54% 5% =52 (13)
Let r:5a2—b2,a,b>0 (14)
and write 5 as 5= (3\/5 al 5§3ﬁ =5) (15)
Following the similar calculations,we get
A= %(15612 +3b2 +10ab)
........................................... (16)

5= %(25a2 +5b% +30ab)

Choosing a =2a,b =2b in (16) and using (4) in (2), the corresponding non-zero distinct gaussian
integeral solutions of (1) are as follows:

x =100a? +4b? +40ab + 4i(25a> +3b> + 20ab)
y ==20(a’ +b? +2ab) - 40i(a’ + ab)

z=60a’ +12b% + 40ab + 2i(35a> +3b* + 30ab)
w=60a> +12b° +40ab - 2i(15a> + 7b* +30ab)

Pattern:3
(5) can be written in the form of ratio as
5(A+r s P
( ) = =—,0>0 (17)
s A-r Q

which is equivalent to the system of double equations
S50A+50r—Ps=0
—PA+Pr+Q0s=0 }
Applying the method of cross mutiplication, we get
A=50%+ P?
P R 7o N S (19)
s =10PQ

In view of (19),(4) and (2),the corresponding non-zero gaussian integral solution\s of (1) are giuven by
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x =4P? 1+ 2i(P? + 5PQ)

y =-200% +10i(0? - PQ)

z=100% +2P% +i(P? -50% +10PQ)
w=100% +2P? +i(P? —50% —~10P0)

Pattern:4
Similarly, Note that (5) is also written in the form of ratio as
A P
( +r): il =—,0>0 (20)
S 5(A-r) Q
Following the procedure,as in Pattern (3),the corresponding another gaussian integral solutions of (1) are
given by
x = 20P? +10i(P? + pQ)
y = -4Q? +2i(Q? - 5PQ)
_ 2 2 2 2
z=2Q° +10P“ +i(5P” - Q~ +10PQ)
w =2Q?% +10P? +i(5P% - Q? —-10PQ)
CONCLUSION

In this paper, we have presented in total five different patterns of non-zero distinct gaussian integral
solutions to (1).0ne may search for other pattern of solutions and their corresponding properties.
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