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ABSTRACT 

The Bi-quadratic Equation with 5 unknown given by 22244 )(5 Rwzyx  is analyzed for its patterns of non – 
zero distinct integral solutions. A few interesting relations between the solutions and special polygonal numbers are 
exhibited. 
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INTRODUCTION 
Bi-quadratic Diophantine Equations, homogeneous and non- homogeneous, have aroused the interest of 
numerous Mathematicians since ambiguity as can be seen from [1-7]. In the context one may refer [8-20] 
for varieties of problems on the Diophantine equations with two, three and four variables. This 
communication concerns with the problems of determining non-zero integral solutions of yet another 
quadratic equation in 5 unknowns represented by  22244 )(5 Rwzyx   . A few interesting relations 
between the solutions and special polygonal numbers are presented. 

NOTATIONS USED 
 nmt ,    - Polygonal number of rank n with sizem . 

 m
nP    -  Pyramidal number of rank n with sizem . 

 nmct ,  - Centered polygonal number of rank n with size m . 

 agn    - Gnomonic number of rank a  

 nso    - Stella octangular number of rank n   

 ns      - Star number of rank n  

 npr     - Pronic number of rank n  

 npt    - Pentatope number of rank n  

 nmCP ,  - Centered pyramidal number of rank n with sizem  
 
METHOD OF ANALYSIS 
The Diophantine equation representing the bi-quadratic equation with five unknowns under 
consideration is 

 
22244 )(5 Rwzyx          (1) 

The substitution of the linear transformations  

vux  , vuy  , vuz  2 , vuw  2           (2) 
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in (1) leads to         222 5Rvu                 (3) 

Different patterns of solutions of (1) are presented below 

Pattern -1 
Assume  22 baR   where a and b are non-zero distinct integers.     (4) 

Write 5 as   )2)(2(5 ii                        (5)  

Using (4) & (5) in (3) and employing the method of factorization, define 

   2))(2( ibaiivu    

Equating the real and imaginary parts, we get 

abbabavv
abbabauu

4),(
222),(

22

22




 

Hence in view of (2) the corresponding solutions of (1) are      

 

22

22

22

22

22

),(
833),(

55),(
6),(

233),(

babaRR
abbabaww

babazz
abbabayy

abbabaxx











       

 A few interesting properties observed are as follows: 
1. 540))1(,(3))1(,( apaaayaaax   

2. )30(mod0),(5),(  baybaz  

3. 360))2)(1(,())2)(1(,( apaaawaaax   

.4    btrNastynumbebaRbaz 2,4),(),(   

5  Each of the following represents a nasty  number: 

 }6)12,()12,({3 22
aSOaaRaay   

 ),(15),(75 bazbaR   

 ),(),( aayaaz   

Pattern-2: 
Instead of (4) write 5 as  

  )21)(21(5 ii                                                           (6)  

Following a similar procedure as in pattern-1, the solutions for (3) are as follows 

                                   










abbabavv

abbabauu

222),(

4),(
22

22
                                              (7) 
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In view of (2) and (7) the solutions of (1) are obtained as      

 

22

22

22

22

),(
10),(

644),(
6),(
233),(

babaRR
abbaww

abbabazz
abbabayy
abbabaxx










   

Properties:   
1. )20(mod0),(2),(3),(  bawbaybax  

2. )(90)12,(4)12,( 22
aOHaayaaz   

3. 0),(),(),(),(  bawbazbaybax  

4. aaa CPttaayaax 2,6,4,4
22 )(2),(),( 2   

5. Each of the following represents a nasty  number: 

 }2),(),({3 ,4 ataaRaay   

 ),(),( aazandaay   

Pattern-3: 
In addition to (4) and (6), 

  write 5 as   )211)(211(
25
15 ii     

 Following the procedure as in pattern-2, the solutions for (3) are as follows 

)2222(
5
1),(

)41111(
5
1),(

22

22

abbabavv

abbabauu





       

Hence the corresponding solutions of (1) are       

  

)302020(
5
1),(

)142424(
5
1),(

)2699(
5
1),(

)181313(
5
1),(

22

22

22

22

abbabaww

abbabazz

abbabayy

abbabaxx









  

As our interest on finding integer solutions, we choose a and b suitably so that the values of x, y, z, w are 
integers.   

Illustration I: 

 Let  Aa 5     and  Bb 5  

Thus the corresponding solutions of (1) are 
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22

22

22

22

22

55),(
150100100),(

70120120),(
1304545),(
906565),(

BABARR
ABBABAww

ABBABAzz
ABBABAyy

ABBABAxx











 

Illustration II: 

 Put  25  Aa     and  15  Bb  

Hence the corresponding solutions of (1) are 

  

510202525),(
15010050100100),(

207020110120120),(
513070104545),(

159010706565),(

22

22

22

22

22











BABABARR
ABBABABAww

ABBABABAzz
ABBABABAyy

ABBABABAxx

 

Properties:   
1. ataazaax ,1050)34,(13)34,(24   

2. aCPaayaaw ,3
22 100)1,(20)1,(9   

3. )1(424)}1,()1,({30 ,221,4   aa CttrNastynumbeaayaax  

4. bbtbbybbR Pr262),1(5),1(9 3,4   

5. )},(13),(9{6 aayaax  is a nasty  number. 

Pattern-4: 
Rewrite (3) as     15 222  uvR         (8) 

Write 1 as   )25)(25(1         (9)  

Let 225 bau                                 (10) 

Using (9) & (10) in (8) and employing the method of factorization, we write  

   2)5)(25(5 bavR    

Equating the rational and irrational parts, we have 

abbabavv
abbabaRR
10210),(

45),(
22

22





                                       (11)
 

In view of (2) and (11), the solutions of (1) are obtained as      

 

abbabaRR
abbbaww

ababazz
abbabayy

abbabaxx

45),(
104),(

1020),(
1035),(

1015),(

22

2

2

22

22










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Properties:  

1. )4(mod0)),(),((2),(),(  baybaxbawbaz  

2. ataRax ,74)1,()1,(    

3. )10(mod0),(),(),( 2,4  btbazbaybax  

4. Each of the following represents a nasty  number: 

 )},(),({3 aayaax   

 ),(),(),(),( aawaazaayaax   

Pattern-5: 

       Instead of (9), write 1 as  )15)(15(
4
11        

Following the same procedure as in pattern-4, the solutions for (3) are as follows 

)105(
2
1),(

)25(
2
1),(

22

22

abbabavv

abbabaRR





                                         (12)   

In view of (2) and (12), the solutions of (1) are        

  

)25(
2
1),(

)10515(
2
1),(

)10325(
2
1),(

)1035(
2
1),(

)1015(
2
1),(

22

22

22

22

22

abbabaRR

abbabaww

abbabazz

abbabayy

abbabaxx











  

 The values of x, y, z, w and R are integers when both a and b are of the same parity.   

Case- I: 

 Consider Aa 2     and  Bb 2  

Thus the corresponding solutions of (1) are 

  

ABBABARR
ABBABAww

ABBABAzz
ABBABAyy
ABBABAxx

4210),(
201030),(

20650),(
20610),(
20230),(

22

22

22

22

22











 

Case- II: 

 Put  12  Aa     and  12  Bb  
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Hence the corresponding solutions of (1) are 

  

44412210),(
2020201030),(

1620460650),(
42016610),(

1220840230),(

22

22

22

22

22











ABBABABARR
ABBABABAww

ABBABABAzz
ABBBABAyy

ABBABABAxx

 

Properties:   

1. )6(mod0),(),(),(),(  bawbazbaybax  

2. ataRax ,74)1,()1,(   

3. 424)12),1(()12),1(()12),1(()12),1(( aPaaaRaaayaaaxaaaz   

4. btbbybbR ,336),1(3),1(3  is a nasty  number. 

Pattern-6: 

Introduction of the linear transformations 

  TXR   TXv 5  Uu 2                                      (13) 

in (3) leads to  222 5TXU   
which is satisfied by  

   

rsT
sru

srX

2
)5(2

5
22

22






       

Substituting the above values of X, u and T in (13), the corresponding non-zero distinct integral solutions 
of (3) are given by                   

rssrbavv
rssrbaRR

105),(
25),(

22

22





   
 

Thus the corresponding solutions of (1) are found to be      
            

  

rssrbaRR
rssrbaww

rssrbazz
rssrbayy
rssrbaxx

25),(
10253),(

10155),(
1015),(
1053),(

22

22

22

22

22











 
Properties:  

1. )1(2),1(),1( ,20  sCtswsx  

2. )12(mod0),(),(),(),(  srwsrzsrysrx  

3. 3
2,4 6))1(,())1(,( rr PtrrrRrrrx   
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4. )4(mod0),(),(  srRsrz  

5. Each of the following represents a nasty  number: 

 ),(),( rrzrry   

 )},(),(),(),({3 srzsrysrwsrx   

REMARKABLE OBSERVATIONS 

 I:    )5(mod0
1

362
4

2

3
2

4

1,4

5
1 
































y

y

x

x

S
P

t
P

 

     

II: 
4

,3

32

12,3

2

1,6

42

3
3

3 36545

















































 





y

y

w

w

w

w

z

z

t
P

gn
t

t
P

P
Pt is a bi-quadratic integer. 

    III:

 

2

22,3

4
1

2

,4

4

,3

3
1

1,3

4
1

4

,4

5 615030
1

430 































































 











R

R

w

w

z

y

y

y

x

x

t
P

t
CP

t
P

t
P

Ct
P

 is a nasty number. 

    

IV: If the non-zero integer quintuple ),,,,( 00000 Rwzyx is any solution of (1) then the  

     quintuple ),,,,( nnnnn Rwzyx  
     where  

  

         0101

01010

01010

01010

01010

~~
~5~2

~5~2

~5~
~5~

vxRyR
Rxvyuw
Rxvyuz

Rxvyuy
Rxvyux

nnn

nnn

nnn

nnn

nnn

















 

also satisfies (1).In the above , 000 ,, Rvu  are the initial solutions of (3) and )~,~( 11  nn yx                                       

is the solution of the pellian 15 22  xy  

Note: 

In linear transformations (2), the variables z and w may also be represented by  
12  uvz  , 12  uvw  

Applying the procedure similar to that presented above in patterns 1 to 6, other choices of integer 
solutions of (1) are obtained. 
 
CONCLUSION 
To conclude, one may search for other patterns of solutions and their corresponding properties. 
 
REFERENCE 
1. Dickson.L.E.,(2005), History of Theory of numbers, vol.2:Diophantine Analysis, New York, Dover. 
2. Mordell L.J.,(1969), Diophantine Equations, Academic press, London. 
3. Carmichael.R.D.,(1959),The theory of numbers and Diophantine Analysis, NewYork,  Dover. 
4. Lang, S.(1999), Algebraic N.T., Second ed. Newyork: Chelsea.  
5. Weyl,H.(1998), Algebraic theory of numbers, Princeton, NJ: Princeton University press. 
6. Oistein Ore, (1988), Number theory and its History, NewYork , Dover. 
7. T.Nagell,(1981), Introduction to Number theory, Chelsea(Newyork). 

Gopalan et al 



IAAST Vol 4 [3] September 2013 44 | P a g e  © Society of Education, India 

8. CohnJ.H.E., (1971),TheDiophantineequation )3)(2)(1(2)3)(2)(1(  xxxxyyyy  Pacific J.Math. 37, 331-335. 

9. Mihailov,(1973), On the equation 2)1()1( zyyxx  , Gaz. Mat. Sec.A 78, 28-30 

10. Leabey.W.J, (1976), and Hsu. D.F, The Diophantine equation 1234  xxy Rocky Mountain J.Math. Vol.6, 
141-153 . 

11. Cross J.T.,(1993), In the Gaussian Integers 444   , Math, Magazine,66, PP .105-108, . 
12. Sandorszobo,(2004), some fourth degree Diophantine equation in Gaussian integers: Electronic Journal of 

combinatorial Number theory, Vol 4 , PP .1-17,  

13. Gopalan M.A., Manju Somanath and Vanitha.N.,(2007), Parametric integral solutions of 432 zyx   , Acta 
Ciencia Indica, Vol XXXIII M, No. 4,  1261-1265. 

14. Gopalan M.A., and Anbuselvi. R,(2008), Integral Solutions of ternary quadratic equation 422 zyx  , Acta 
Ciencia Indica, Vol XXXIV M, No. 1, 297-300 . 

15. Gopalan M.A., Vijayasankar.A and Manju Somanath,(2008), “Integral solutions of Note on the Diophantine 
equation 422 zyx  ,Impact J.Sci Tech; Vol 2(4),149-157.  

16. Gopalan M.A., and Janaki.G.,(2008), Integral Solutions of Ternary quadratic equations   
422 zxyyx  ,Impact Journal  Vol 2(2), 71-76. 

17. Gopalan M.A., and V.Pandichelvi,(2008), On ternary quadratic Diophantine equation  432 zkyx   ,Pacific 
Asian Journal of Mathematics, Vol 2,  No   1-2, 57-62, Jan-Dec.  

18. Gopalan M.A., and V.Pandichelvi,(2009), On the solutions of the Biquadratic equation  
422222 )1()( Wzyx   ,International Conference on Mathematical  Methods and Computations, 

Trichirapalli, 24-25. 
19. Gopalan M.A., and J.Kaligarani, (2009), On quadratic  equation in 5 unknowns  22244 )(2 pWzyx    

,Bulletin of pure and applied sciences,Vol 28E, No 2,305-311 
20. Gopalan M.A., and J.Kaligarani, (2011), On quadratic  equation in 5 unknowns  344 )( pWzyx    ,Bessal J 

Math , Vol 1(1),49-57. 
 

 

Citation of Article:  M. A.Gopalan, S. Vidhyalakshmi, A. Kavitha, E. Premalathal. On The Homogeneous Bi-quadratic 
Equation with Five Unknowns 22244 )(5 Rwzyx  .  Int.  Arch.  App. Sci. Technol., Vol 4 [3] September 2013: 
37-44 

 

Gopalan et al 


