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ABSTRACT
Let M be a I'-ring and Let R be a unital, finitely generated left ' M-module. Suppose that N is a sub I M-module of R. Here we
define primary radical of N and tertiary radical of N. Some characterizations of these two radicals are obtained. Finally we
obtain the decomposition of Neotherian Gamma rings.

INTRODUCTION

The notion of a I'-ring was first introduced by N. Nobusawa [7] and then Barnes [1] generalized the
definition of Nobusawa’s gamma rings. Now a day we consider as a I'-ring which is given by Barnes
[1].

May Mathematican workesd on I'-rings and they obtained some remarkable results. .LN. Herstein [4]
obtained some results on decomposition of Noetherian rings. J. A. Riley [8] worked on primary and
tertiary decompositions of rings and he proved some fruitful results relating to this.

In this paper, we generalize some works of I.N. Herstein in I'-rings. We obtain decomposition of
Noetherian I'-rings by means of sub 'M-Modules.

2. PRELIMINARIES
2.1. Definitions.
Gamma Ring. Let M and I" be two additive abelian groups. Suppose that there is a mapping from M x
I'x M - M (sending (x, o, y) into xay) such that
i) x+y)oz=x0z+yoz
X (o + B)z =x0z + xPz
xa(y + z) = xay + X0z
i) (xay)pz=xa(ypz),
Where x,y,zeM and «, Bel’. Then M is called a I'-ring. A I'-ring M is called commutative if ayb = bya
foralla,beM and all yeT.
Identity element of a I'-ring. Let M be a I'-ring. M is called a I'-ring with identity if there exists an
element ee M such that aye = eya = a for allaeM and some yeT.
We shall frequently denote e by 1 and when M is a I'-ring with identity, we shall often write 1eM. Note
that not all I'-rings have an identity. When a I'-ring has an identity, then the identity is unique.

Ideal of T'-rings. A subset A of the I'-ring M is a left (right) ideal of M if A is an additive subgroup of M
and MI''A = {coa | ceM, ael’, acA}(AI'M) is contained in A. If A is both a left and a right ideal of M, then
we say that A is an ideal or two sided ideal of M.

Prime ideal. An ideal P of a I'-ring M is prime if P # M and for any ideals A and B of M, ATB c P,
impliesAcPorBcP.

Nilpotent element. Let M be a I'-ring. An element x of M is called nilpotent if for every yeT, there
exists a positive integer n = n(y) such that (xy)nx = (xyxy..yxy)x = 0.

Nil ideal. An ideal A of a I'-ring M is a nil ideal if every element of A is nilpotent that is, for all xeA and
every yel, (xy)x= (xyxy.. yxy)x = 0, where n depends on the particular element x of A.

Nilpotent ideal. An ideal A of a I'-ring M is called nilpotent if (AT')"A= (AT'Al....I'Al')A = 0, where n is
the least positive integer.

I'-ring with minimum condition. A I'-ring M with identity element 1 is called a I'-ring with
minimum condition if the left ideals of M satisfy the descending chain condition or equivalently if in
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every non-empty set of left ideals of M, there exists a left ideal which does not properly contain any
other ideal in the set.
Radical of a Gamma Ring. Let M be a I'-ring with minimum condition. The two-sided ideal which is
the sum of all nilpotent left ideals of M is called the radical of M and is denoted by
rad (M).
Gmma module. Let M be a I'-ring and let (R, +) be an abelian group. Then R is called a left 'M-module
if there exists a ['-mapping (I"-composition) from MxI"xR to R sending (m, o, r) to mar such that

1) (m; + mz)ar = myor + meor

(i) mao(ry+ r2) = mor; + mor;

(iif)  (momz)Pr = mio(mzPr),

for all r, ry, reR, m, mymzeM, a, el
If in addition, M has an identity 1 and 1yr = r for all reR and some yeT, then R is called a unital I'M-
module. We define right 'M-module analogously.
Sub- ’'M-module. Let M be a I'-ring. Let R be a left 'M-module. Let (Q, +) be a subgroup of (R, +). We
call Q, a sub-I'M-module of R if myqeQ for all meM, qeQ and yeT.
Finitely Generated 'M-module. Let M be I'-ring. A left TM-module R is called finitely generated if R
can be generated by a finite set of elements, that is, R is finitely generated if and only if there exist

finitely many elements xi1, Xz, ... , xn€R such that for each reR can be expressed as a linear I'-
n

combination r = > myyx; of the x; with coefficients m;eM for some yeT.
1=

In this paper, we consider all TM-modules R as unital, finitely generated left TM- modules.

3. Decomposition in Noetherian Gamma Rings

3. 1 Definition. A I'-ring M is called left Noetherian if it satisfy the ascending chain condition on left
ideals and will have unit elements. All 'M- modules R will be unital, finitely generated left TM -
modules.

3.2 Definition. An element a€ M is an annihilating element for R if a N = 0 for some sub - 'M-
module N # 0 of R. A left ideal Iof M is an annihilating left ideal for R if II' N= 0 for some sub-I" M-
module N# 0 of R.

We denote by O (R) the ideal {a € M|aFR = O} of M.

The next few definitions make sense for any I' -ring and all or parts of the very early lemmas hold in
this more general context, but all these will be of most interest in the Noetherian case.

3.3 Definition. If N is a sub- 'M-module of R then the primary radical of N, written rad(N), in the
intersection of all prime ideals of M which contain O (%) . Nis a primary sub- 'M-module of R if all

annihilating elements for %\7 are in rad (N).

A remark which holds for any I'-ring M: if x € rad(N) then (x;/ )t xeO (%) for some t depending on x

and yeT, This is true since the intersection all prime ideals of a I" -ring is a nil ideal.
One further definition at this point:

3.4 Definition. The tertiary radical of N, N a sub- 'M-module of R, written t-rad(N), is the set of all

elements of M which are annihilating elements for all non-trivial sub-I" M-modules of I%V

One immediately sees that:
t-rad (N) = {a € M|f0r all p ¢ N there exists g € R,q ¢ N with al MI'q c N}.

3.5 Lemma. Let N be a sub- ’'M-module of R; if a;,az......,an € t-rad(N) then, given
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peR, pg N  thereisa ge MI'p, q& Nsuchthatal MI'gqc N fori=1, 2.l

Proof. We go by induction on n. If n=1 this is merely the definition of t-rad(N). Suppose then that we
have found a r e MI'p,r ¢ N such that a,IMI'rc Nfori=1, 2, ..., n-1. Since a, €t-rad(N) there is a
qeMI'rc MI'pyg ¢ N such thata I'MI'q< N,y eI'. However for 1<n, al'MI'q cal' MI'r — N,
thereby the lemma is proved.

3.6 Corollary. t-rad(N) is a two-sided ideal of M.

Proof. From the very definition of t-rad(N) we immediately have that al’'M ct-rad(N) and MT'a ct-
rad(N) for all aet-rad(N). To finish we merely need that a, b e t-rad(N) forces a-b € t-rad(N); this is
however clear from the lemma 3.5.

3.7 Corollary. Let I = t-rad (N); given p¢N there isa g € MI'p such that g ¢ N,I[T'q — N . Proof.
Since M is left Noetherian and I is an ideal of M,
[=MI'aq, + MT'a, +......... +MTa, for appropriate aiel. Pick by the lemma3.5, qe MIp, g¢ N such

thata;y qeNfori=1, 2, ...... n, yel ;then II'gc N.

3.8 Corollary. Let I = t-rad(N) and let Nt = {p € R|1Fp c N} .Then N> Nand N' #N .

Proof. Since I is a 2-sided ideal of M, Nt is a sub-I"'M —module of R. Clearly Nt > N. By Corallary 3.7 we
can find ¢ ¢ N such that /T'q  N;since g € N', g ¢ N this finishes the proof.

In fact, we have proved a good deal more about the nature of Nt for we know that in each
MTp, p & N there are elements of Nt. We formulize this lemma 3.9 but first a definition.

As usual and as used before in these notes, R is said to be an essential extension of A modulo B, BC A
sub-T" M-modules of R, if whenever C is a sub-I" M-module of R such that C(14c Bthen C c B.

i« R R A -
That is /B the I' M-module /B meets all non-zero

sub-I'M -modules non-trivially.

3.9 Lemma. R is an essential extension of Nt modulo N.
Proof. This is immediate from Corollary 3.7.
Before proceeding, we examine the relation of rad (N) to t-rad (N).

3.10 Lemma. rad(N) c t-rad(N).
Proof. As we remarked earliar for all x € rad(N),(xy)"™ x e t—rad(N). Since M is Noetherian by a

result of Levitzki (rad(N) I')k(rad(N) ct-rad(N). From the definition of t-rad(N) this implies that rad
(N) ct-rad(N).
In the commutative case we can now easily establish equality for these two radicals.

3.11 Theorem. If M is a commutative Noetherian ['-ring and if N is a sub-I'M-module of R then rad(N)
= t-rad(N).

Proof. Lemma 3.10 already tells us rad(N) ct-rad(N). Since M is Noetherian and R is a finitely
generated unital 'M -module, R has the ascending chain condition on

sub-I'M-modules. Let aet-rad(N) and let J, ={p € R|MF(ay)" aypc N,ye F}. Then ], form an
ascending chain of sub-I'M -modules of R hence for some integer n, Jo= Jn.1. If (ay )ral Rz N,y €T
we can find peR with (ay)"ayp ¢ N; since a et-rad(N) there is an meM with my(ay Jnayp ¢ N but

n+l

for which al’'MT'my(ay)"ay p < N . Since M is commutative this yields MT (ay)"" aymyp — N, that

is, mypeJ, ,=J hence (ay)raymy p € N, contrary to (ay)* aymy p &€ N .Thus aet-rad(N) implies
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(ay)ka erad(N). Since rad(N) is the intersection of prime ideals, this forces a € rad(N), that is, t-rad(N)
c rad(N). This proves the theorem.

3.12 Definition. N is a tertiary sub-I'M-module of R if the annihilating elements for I%V are all in t-

rad(N).
A quick verification reveals that N is a tertiary sub-I" M-module of R if and only if

t-rad(N) = {aeM|thereisa q & N with aFMFch}.

3.13 Lemma. Let N be a tertiary sub-I'M-module of R; then P = t-rad(N) is a prime

ideal of M.

Proof. By Lemma 3.9, since Nt # N, there exists a qeR, q&N such that for all aeP, allMI'qcN. Since N is
tertiary, P consists of all elements acM such that al’MI'qcN.

Suppose x,yeM are such that xI'MI'ycP; then xI'MI'yI'MI'qcN. If ygP then yI'MI'qzN so by the
tertiary nature of N we get xeP. Therefore xI' MI"y P implies that xeP or yeP, hence P is a prime
ideal of M.

If N is a tertiary sub-I'M-module of R and the prime ideal P of M is t-rad(N) then we say that N is P-
tertiary and that P is the prime ideal of N.

A sub-I'M-module N of R is called irreducible if is not the intersection of two strickly larger sub-I" M-
modules.

3.14 Lemma. If N is an irreducible sub-I'M-module of R, then it is tertiary,

Proof. If N is not tertiary there exist agt-rad(N), peN such that al'MI'pcN. Since agt-rad(N) there is a
rg N with al' M T rteN where rt e MI'r implies rteN.

Let N"= (N+MI'p)N(N+MI1); clearly N'oN. ForqeN", q=pt+ my q

=ptt+syrwith pt, pteN, y eI". Thus sy r = (pt-p%) + my p, so

al'MI'syrc al MI pcN. Since rt = sy reMI r satisfies al MI rtcN, we have that rteN, hence qeN.

Thus N*cN. We have exhibited N as an intersection of larger
sub-I" M-modules. This proves the lemma.

3.15 Definition. The decomposition N = Ny ------ MNNm of N by the N; is irredundant if no N; can be
omitted.

3.16 Lemma.IfN =N ------ MNp, is an irredundant decomposition of N by

Pi-tertiary sub-I'M-modules N; ,i=1, 2,----- ,m then t-rad(N) = Pin ---- "Pp.

Proof. Let acP1M ------ NPm and let peR, p¢N. Since p¢N, p is not in some N; say p¢Ni. From the fact
that aet-rad(Ni1) there is a p1eMI'p, p1¢N1 such that al MI'picNi. If p1eN2 then al’ MI'picNin Np; if
p1¢ Nz there is an element p,e MI'picMI'p, p2¢ Nz such that al'MI'p,cN». Since al’ MI'p,c al' MI'p1cN1
we have al'MI p;cNinN; Continuing this way we get an element qeMI'p, q¢N such that
al’'MI'qcN1N---NNp= N. Thus by the definition of t-rad(N), aet-rad(N) hence P1------ NPmct-rad(N).
Suppose now that aet-rad(N) and that peN; for all j= i, pN; . Since N is the irredundant intersection
of the N;, p¢N. Therefore there isa g € MI'p, q#N such that al' MI" qcNcN;. Since qeN; for j #i and

q¢N we must have that q¢N.. Since N; is P; -tertiary we conclude that acP;. But then ae () P;, whence t-
i=1

rad(N)cPin----1Pn. Hence t-rad(N)=P1M-----"Pp.

3.17 Lemma. If N1 and N; are P-tertiary sub-I'M-modules of R then so is Nin\Ns.

Proof. Let N = Nin\Ny; by Lemma 3.13, t-rad(N) = P. To finish the proof we merely must show that N is
tertiary. Let aeM, qeR, q¢N such that al’ MI" qcN. Since q¢N, q¢N; or q¢N,. If q&Ny, since Ny is
tertiary, aet-rad(N1) = P ; similarly if q¢Nz , aeP. Thus al' MI'qcN, q¢N implies aeP = t-rad(N).
Hence N is tertiary.
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3.18 Definition. A decomposition N = Ny ---- "Ny, of a sub-I’'M-module N by
P; -tertiary sub-I'M-modules N; is called reduced if it is irredundant and P; are distinct.
We now can prove the analog of the primary decomposition for commutative Noetherian I'-rings.

3.19 Theorem . Every sub-I" M-module N of R has a reduced decomposition

N= NiN------ NN where N; is P;-tertiary.

Proof. That every sub-I'M-module has an intersection of a finite number of irreducible ones is easy,
just as in the commutative case. Merely consider the set of sub-I'M-modules which have no such
representation; if this set is non-empty it has a maximal element. However, this maximal element is
therefore irreducible, giving a contradiction. The rest follows from lemmas 3.13, 3.14 3.16 and 3.17.
We now want to establish the uniqueness of the associated primes.To this end we prove

3.20 Lemma. If N, U, V, Ut, Vtare sub-I'M-modules of R such that U is P-tertiary,

Utis Pt-tertiary, P£Ptand N = UnV= UtnVtthen N = Vn\Vt.

Proof. Let peVNVt Since P=Pt, there is an element in one and not in the other; say aeP, agPt. If peN
there exists a qeMI'p, &N such that al’ MI" qcN. Thus al’ MT" qcUt Ve Since q¢N, qUt. Since Ut is
Pt-tertiary and al” MI" qcUt we conclude that aePt, a contradiction. Thus peN. That is. VVtcN; since
clearly NcV, NcVt we get NcVNVt. This proves the lemma.

The lemma immediately yields

3.21 Theorem. If the sub-I'M-module N of R has the two reduced decompositions N=N1~Nz -----
NNp = Nit ----- NNt then m = s and the set of prime ideals P; of the N; concides with the set of prime
ideals Pitof the N;t.

Proof. We show P;t = P; for some i. Suppose not. Since P1t = Piand N = N1 --- "N =Nt ----n\Nst, by
Lemma 3.20, N = No------ NNmNN2tM----- MN;t. Since Pit #P; we get N= N3N------ ANNmNN2t N----- NNt
Continuing we arrive at N = Nytn----nNt contrary to the irredundancy of the representation N = Nyt n-
----- NNst. Thus Pit = Pi. In the same way given j, Pjt = Px for some k. This shows s<m. The argument is
symmetric, m <s. Thus m = s and {P;t} = {P;}.
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